In the present paper, we prove the following more general theorem for the case of complex variables. The nature of the proof is necessarily new because of the impossibility of establishing any relations of inequality for the complex numbers similar to the ones used by Aczel in his proof. The concept of convexity is used to overcome this difficulty and no assumption of analyticity is required. (2) If Zi(zD, the point w=/(zi, z2, ■ • • , zp) belongs to the closed convex hull P of the set of points z, and, furthermore, w is different from the extreme points of P.
Under the conditions (1) and (2), every sequence {an) defined by
with the initial terms a\, a2, ■ ■ ■ , ap arbitrarily chosen in D, is convergent.
Because of condition (2), the number w is real if zi, z2, ■ ■ ■ , zp are real numbers, and in particular {a"\ is a real sequence if ai,a2, • • • ,ap are real. Consequently, the Theorem I includes as a particular case, the previously mentioned result of J. Aczel, and somewhat improves it, because it is not required that /(zt, z2, • • • , zp) is a strictly increasing function.
In general, the assumption (2) cannot be weakened as is easily proved by trivial examples.
The proof of Theorem I will be obtained by using the Theorem II. Let \Pn\ be a sequence of bounded closed convex polygons belonging to (z) with no more than p vertices for every Pn and such thatPnDPn+1 (» = 1, 2, • • • ). Then, the set P -H^i P" is also a bounded closed convex polygon with no more than p vertices.
Proof. We know that P is a bounded closed convex nonempty set (except in the trivial case Pn=<p for some n), and we begin by establishing the following lemma:
Lemma. Under the conditions of Theorem II, if s is a extreme point of P = D"=i Pn, in every neighborhood of s there are infinitely many vertices belonging to the polygons Pn iwhich might coincide totally or partially with s).
Let us suppose that this is not true. Then, for some extreme point 5 of P, there exists a closed circular neighborhood U such that there are, at most, a finite number of vertices in U.
Let a be an extreme support of P such that azDs. Every point of P belongs to one of the two half-planes defined by a; for instance, to the half plane containing the point k, (see figure) , with the convention that a is considered as belonging to such a half plane, which 
k] and h'E[c, k] and h, h'£7 = boundary of U).
If c is an interior point of the arc (ah), the line r defined by the points c and q is an extreme support of P and therefore PC ['i k] n[r,h}. Now, we consider two straight lines, <Ti, n, parallel to <r and r and such that <Ti<X [a, k], t\<£. [t, h] and distance (<r, <ri) = distance (r, ri) = e. If e is small enough, the point s is interior to the triangle biCiqiQU, because the distances 661, cci, qqi are arbitrarily small. Consequently, for some number reo, every point of Pn (n^n0) belongs to the convex set P= [ai, k]f^[ri, h], and every vertex of P", (re 1= re0) belongs to the convex set Pi = Pn[Xi, h], where Xi is the line 61C1; and, furthermore, 5^Pi. However, if every vertex of Pn, (re ^ re0) belongs to Pi, the same is true for every point of P" and s££P = !")"«! Pn, which is contradictory and the lemma is established. Now, in order to prove Theorem II, it is sufficient to demonstrate that P has no more than p extreme points.
Let us suppose that this is not true, and let su s2, ■ ■ ■ , sp+i be p + l extreme points of P, and Ui, U2, • ■ ■ , Up+i a system of closed circular disjoint neighborhoods of S\, s2, ■ ■ ■ , sp+i. According to the lemma, we can select a partial sequence {?",) from {Pn} such that every Pn(i, (/u = l, 2, • • • ) has one vertex in Ui. Obviously, n"-i-Pn" = -P and Pnil"DPn^+1 and consequently we can, again, select from {Pnpi} a new sequence {Pn"r} C {Pnp} such that every Pniir (v = l, 2, ■ • • ) has one vertex in £/2and also n,°°=i Pn", = P, PnnyDPn,,^; etc. After £ + 1 steps, we shall have obtained a partial sequence from {Pn} whose polygons have a vertex in every one of the disjoint sets U\, U2, ■ ■ ■ , Up+i. That means that such polygons have at least p-\-l vertices, which is impossible.
We proceed now to prove Theorem I in the following way By the same argument, as we used in Theorem II, we can prove that the sets Enf have at least one point in every neighborhood Ut of a system 5 (for every v greater than some number v0), and we can The author is indebted to Professor David Gale, of Brown University, for his illuminating suggestions concerning the theory of convex sets, and to Professor Allen E. Andersen, of the University of Massachusetts for his help in the final redaction of the manuscript.
